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A swirled jet problem 
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Ah&act--The solution for the problem of a swirled viscous incompressible liquid jet issuing from a point 
source into the space flooded with the same, but quiescent liquid is examined. Possible problem formulations 
within the framework of the boundary layer theory and the characteristic behaviour of solutions are 

studied. Exact and approximate analytical expressions are constructed. 

1. INTRODUCTION 

PERHAPS no other problem in the theory of viscous 
jets has attracted the attention of scientists as much 
as the problem of the development of a submerged 
swirled axisymmetric jet. Beginning with the funda- 
mental research [l-3], it has been considered both 
within the framework of the boundary layer theory 
[4-6] and based on the Navier-Stokes equations [7- 
10]. However, notwithstanding the fact that there 
has accumulated a voluminous bibliography on the 
subject, including special books [ll, 121, the math- 
ematical analysis of the problem has not as yet been 
exhausted because of significant difficulties. The 
results obtained, highly ambiguous at times, testify to 
a very complex nature of the flow, which is why it 
does not readily lend itself to theoretical analysis. 

Taking into account the fact that interest remains 
strong in the problem, this paper presents the results 
of a theoretical investigation into the development of 
a submerged swirled jet (with and without con- 
sideration for buoyancy forces) carried out using 
the system of boundary layer equations under the 
Roussinesq approximation. A great deal of attention 
is given to the analysis of the behaviour of different 
analytical solutions and to the range of applications 
of the theory, since it is just the formulation of the 
problem and approaches to its solution which have 
many points open to question and which give rise to 
contradictory views. 

2. BASIC EQUATIONS 

The problem is posed for the following system of 
the boundary layer equations : 

t Deceased. 

aAT aAT aa 
n~+us=yay (1) 

with the boundary conditions 

y=o: v&2!!Y= 
ay ay w=o 

y+co: u,AT,w,Ap-+O 

and integral conditions 

(2) 

m Q, =27cpC, f uATy dy = const. (3) 
Jo 

The theoretical analysis of the above system is 
difficult because of its obvious nonlinearity and non- 
locality. The latter results from the dependence of the 
velocity vector components u and v at each point on 
the values w and AT. These facts prevent the problem 
from being solved by conventional methods. In this 
case the most natural method of solving the problem 
is based on the use of different approximate com- 
putational methods which allow one to find, though 
not always accurately enough, the laws governing 
the phenomenon studied. The methods will not be 
described here in detail, their review can be found 
elsewhere [13]; it should only be pointed out that, 
being distinguished by the mathematical rigour and 
generality, they are very diversified: from integral 
methods to the method of asymptotic expansions, 
with the solution of the problem being finally reduced 
to results which only differ slightly from one another. 

3. A SWIRLED SUBMERGED JET 

The foundations of the theory of forced swirled jets 
were laid by Loitsyanskiy [l]. He suggested an 
approach according to which one of the velocity vector 
components, azimuthal, was considered to decrease 
considerably more quickly than the other two, longi- 
tudinal and radial. Taking this fact as a basis, it is 
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NOMENCLATURE 

a thermal diffusivity coefficient Greek symbols 
C, specific heat at constant pressure B coefficient of volumetric expansion 
9 gra~tational acceleration V kinematic viscosity coefficient 
K momentum of jet P density. 
L moment of momentum of jet 
ti mass flow rate per second 

P pressure 

Q excessive heat content flux Subscripts 
T temperature, AT = T-T, c value of the axis 
U, U, w axial, radial and tangential velocity 

vector components, respectively : 
maximum value 
initial value 

x vertical coordinate co parameters at infinity, in surrounding 

Y radial coordinate. medium. 

possible to construct the solution for the problem in 
the form of an asymptotic series 

$ N v(f*x+f, +f2x- i + * . *)* (4) 

The first term gives the field of velocities for a non- 
swirled jet and the following terms allow for the swirl 
effect which increases as the jet source is approached. 
In general, at first the ideas of his paper had a marked 
effect on the trend of nearly all theoretical studies by 
having given a clue to a distinct differentiation of 
investigations-all of them were aimed primarily at 
obtaining higher approximations 141. This, in turn, led 
to the problem of large perturbations or, in other 
words, to the problem of close coupling [14]. One of 
its most essential, and even fundamental, findings is 
that series (4) presented above cannot satisfy all of the 
boundary conditions (2). Moreover, the singula~~es 
appearing in higher-order terms not only remain, but 
get even more pronounced. This is responsible, in 
the authors’ opinion, for a noticeable decrease of the 
interest in this kind of theoretical investigations. 

The nonuniformities occurring when solving the 
problem in the form of as~ptotic series (4) physically 
manifest the interaction between the fields of u and w 
in a system and ultimately are due to the complexity 
of the jet boundary layer structure characterized by 
the presence of the backflow zone. Therefore, there is 
a widely held view in the literature that the present 
problem does not have a closed-form solution. 

Because of the absence of any considerable advance 
in the development of analytical approaches to the 
solution of the problem, focus of the researchers’ 
attention has swung to numerical simulation [7, 151. 
However, the calculations revealed the bifurcations of 
the solution for certain flow regimes. Clearly, this 
restricts the ~ssibility of the numerical anaiysis dras- 
tically. Therefore, the situation is such that any sig- 
nificant advances can be made only with the use of 
the interrelated analytical and numerical methods. It 
is highly desirable that the method be developed for 
solving a system of coupled non-linear equations and 

for finding, on its basis, exact closed-form relations. 
This also provides the possibility for a constructive 
assessment of various approximate theories-a very 
urgent and important aspect of the problem, which 
very often is responsible for the a priori judgement on 
the adequacy of the mathematical model and of the jet 
transfer processes and, in the cases of more complex 
systems, of the mathematical model itself. 

An attempt will now be made to construct an exact 
solution to the problem of a swirled jet. Thus, the 
solution is sought for equations (1) (at /I = 0) which 
satisfy boundary (2) and integral 

LO = 27cp 
s 

m 
uwy’ dy = const. (5a) 

0 

conditions in the class of the form 

JI = vf(rlW), b(rlhW 

AP L%o 
- - 16x3p3v4 P 

- -9trlhW, 
Ko 

tl = - 4xpv2 Y%(X). (5b) 

Applying to system (1) the formulae which transform 
the old variables (x, y) into the new ones (x, 3) and 
taking into account that 

u=Sfpq, v= -;(fPx+xdg) 
2x1( tt 

obtain 

elf 1 m2+Iff 11'1 9 P Pq2--'szPdm) ml x 'I 

-2*(:..+,,,,=, 

(tlb,),wq+~b,P,oq--bpqw, 

+ "-& bpoqx + ifhp,oq - i bwq = 0 
4tl 4tl 

Zu,,tjvc = b202, Q = 
Li 

167tpv2Ko (6) 
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under the boundary conditions 

f(0) = 0, !i_mO& = 0, &(a) = 0 

q = $@-r[(l+J(‘-P))“r 

-+(l -J(1-4C3W312 
b(0) = 0, b(m) = 0, a(m) = 0. (7) 1 

Moreover, the same calculations yield the solution 
w = -x-2[(1 +J(1 -413))“3 

(2) ‘I3 
non-triviality conditions +(l-,,‘(l-t53))“3J 

(.J/,bq’~‘dn)pwq-“2 = 1. 

To specify the integ~tion scheme for the system of 
equations (6)-(8), assume that 

Pq2 = Cl(l +nrp), PxpqZ = c2(1 +v) 

PqtPq)x = c3(1 +krp), q? = -222r& 

d= ia+,~~]. (9) 

Then, equation (6), will transform into 

CL (ttf,,), + :c2ff,, - fc3f,” = 0 (10) 

1 
Ic = 7x-4[(1 +J(l-:13))“3 

(2) 
+(l -J(l -t13))“3J2 

p=x, [=fix-2= LZ -2 

16npv2K, x . (17) 

Thus, for the velocity component U, W, and the quan- 
tity Ap/p of an axisymmetric laminar jet, obtain 

cln(~~~),+fc2~~~,-:C3~f,2+~=0* (11) 

The solution of equation (10) has the form 
AP GKCI 1 --_ -- 
P 16n3p3v4 ‘a(lfarlf’K. (18) 

f 
4atl 4a 

=iTGf &=(I+ (12) 

It was found while integrating that c2 = - c3 and also 
assumed, without loss of generality, that c, Jet = 1. 
This will give px = 1. To the values of coefficients 
obtained add the expression poq-“’ = 1 which fol- 
lows from integral condition (8). Now, the trans- 
formation of equations (6) 2 and (6)3 will yield 

W,), +icf@, - ; (1 --f)b = 0 

2a,,y = b2. (13) 

In view of relation (8), the solution of equation 
(13) can be written in the form 

J (ad 1 
b= &‘a=, a= -da(l+at1)3. (14) 

Returning to equation (1 l), obtain 

c,n(tl~~)s+fc2nff,,+~C2kf,2+d= 0. (15) 

Integrating further expression (15) from 0 to ~1) find 

(-tc2n+:c2k-{) Omf,‘dtl = 0 
s 

which yields k = n+ 1/(4c,). Consequently, the fol- 
lowing equation is obtained for finding the functions 

P. q, h w : 

P(1074)x +pxPq2 = twqlP’)x 

The integral condition 

(i.e. here the quantity K. stands for the axial momen- 
tum flux at an infinite distance from the jet source) 
gives 

a = & (19) 

It should be noted that the quantity d in equation (15) 
was replaced in the integration by 

d= --ff;. 

It is easy to check that this relation is exact at q = 0 
and approximate, satisfactorily appro~mating the 
exact curve, at g # 0. 

Thus, the self-similar solution for the problem of 
submerged swirled jet development is constructed, 
which, according to the aforegoing, is exact on the 
axis, i.e. for the maximum characteristics, and is 
approximate in the region 4 # 0. For x + co, the 
formulae are available which were obtained earlier 
by Loitsyanskiy [I] and somewhat later by Gortler 
[2J (the solutions for u and u are represented by a 
non-swirled jet [16J). To put it another way, when 
x + 00 the swirled jet flow degenerates gradually into 
a non-swirled one as a consequence of the swirling 
velocity component decaying more quickly than the 
rest 

px = 1, iE = q/p2. 0 = qt12fp. (16) 
-1 #OX ) -1 VNX , w, N x -‘, Apfp N x-~. 

It can be verified that the following relations ensure On the other hand, expressions (18) are valid only 
the necessary coupling of relations (16) : within the range 



0 d i: d (2) ‘j3. 

When < > (2) , “’ there are no solutions of the class 
of functions (5b). Physically, this is quite natural if 
account is taken of the fact that the region of backflow 
appears in the vicinity of the jet axis at a certain 
intensity of swirling (in our case, at a certain value of 
the parameter 5). This results in the appearance of 
‘dips’ in the profiles of velocity U. Since formulae 
(18) do not give this pattern of fluid motion even at 
J? = (2) 1’3, it can be stated that only those solutions 
are valid within the framework of the boundary layer 
theory which satisfy the condition of the existence of 
the maximum velocity u on the jet axis, that is, which 
satisfy the relation U, = u,. In this respect the results 
obtained distinctly demonstrate the specific properties 
of the boundary layer, Note that application of for- 
mulae (18) to the experimental data of ref. [17] (deal- 
ing, naturally, with a turbuIent jet) will yield 5 = 0.9- 
1.15 which virtually does not differ frvm the theory, 
[ = (2) ‘j3. Furthermore, it is seen from relations (18) 
that the increase in the rate of swirling is also 
accompanied by an increase in the axial velocity and 
in the values of w,, ApJp. As the parameter 

increases, there occurs a decrease in the angle of jet 
divergence and an increase in the long range of the 
given jet flow 

Equations (18) are vf interest because, on the one 
hand, they make it possible to track the basic trends 
on the behaviour of solution on variation of i and, 
on the other hand, they have a direct bearing on the 
problem of turbulent swirled jet calculation. The thing 
is that, even though new concepts of turbulence simu- 
lation are now being investigated, the present-day 
practical computations use a traditional approach 
based on one or other of the closure models for the 
Reynolds mean boundary layer equations, with the 
gradient models being widely used to describe free jet 
flows in the framework of semi-empirical theories. In 
this case the analysis of a turbulent jet does not vir- 
tually differ from the analysis of a laminar flow : the 
molecular viscosity Y is replaced by the turbulent vis- 
cosity v, introduced according to one of the Prandtl 
hypotheses. Being a successful compromise between 
simplicity and accuracy, this approach formed a con- 
structive foundation for engineering calculations of 
many simple jet flvws [18]. The latter fact and also a 
purely theoretical advantage of the concept, favoured 
the now widely held view that it can be used for 
calculating cvmplex flows and, partjcularly~ turbulent 
swirled jets. However, having been carried over from 
laminar to turbulent jets, formulae (18) will not predict 
even general physical trends in the development of 
swirled viscous jets. In other words, analysis of 
the solutions obtained has prompted the conclusion 

that this mathematical model is entirely inadequate 
for turbulent swirled flows in terms of one-point 
moments. Note that some numerical results con- 
flrming this standpoint have already been reported 
119, 201. 

The above solutions can also be used for the analy- 
sis of a heat problem. The sought-after temperature 
field in a swirled jet is determined by the set of equal- 
ities 

First of all, here attention is turned to the fact that 
formula (20) corresponds to the solution for a nvn- 
swirled jet 1211 (the difference is in the variable r~ which 
is equal to K0y2/4~pv2x2 at [ = 0). This means that 
the effect of swirling (parameter 4) on the temperature 
field, which plays the part of a passive impurity, is 
manifested as the deformation of the AT profile. It 
is different with buoyant jets where this tendency is 
preserved only at a Prandtl number of 2 [22]. 

All the above analysis refers to the swirled jet prob- 
lem which has been solved on the basis of relations 
(5). The second irttegral condition, which expresses 
the conservation law for the moment of jet momentum 
about the symmetry axis [I], has been derived from 
the more general expression 

on the assumption abvut a sufficiently rapid decrease 
of the velocity cvmponent w for y -+ 00 (w - l/y”, 
E > 1). Now, the analysis of the problem will be 
slightly modified, namely equation (5) will be altered. 
Instead of the condition Lo = const., the sought-after 
functions should satisfy relation (21). This makes it 
necessary to solve an eigenvalue problem, since ordi- 
nary dimensional considerations are not suitable. Let 
5 -K 1 (the case of weak coupling). This makes it poss- 
ible to neglect (in the first approximation) the term 
~Ap/~x in the equation of system (I) and to construct 
an asymptotic solution. For this, it is assumed that 

w = Dbi(r&K-$ ?j = & Y2 
47cpyzxz (22) 

where the function b,(q) satisfies the following 
tion : 

equa- 

(ybf)‘+&bj--_:(A+l)fbbj- &h,(l-fo) = 0 (23) 

with boundary conditions 

bifO) = 0, bi -+ 0 for q -+ co. (24) 

The parameter II is unknown beforehand and should 
be determined. In order to solve the system of equa- 
tions (23) and (24), it is expedient to ‘go over to new 
variables of the form 
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(25) 

In these variables, equation (23) is reduced to a hyper- 
geometric equation 

z(l-z)y;+2(l-z)yj-2(Iz+l)yi = 0 

for which the function 

y, = CiF(y,6,2,z), y+6 = 1, 76 = 2(1+1) (26) 

is known. It solves the problem at hand in quadratures 

b, = c,$;; -+Z”.&) (27) 

i*+i+2 
AZ-~, i=O,1,2 ,... (28) 

Note that equations (27) and (28) already involve the 
condition of the solution nontriviality 

(L+2) 0Wf6b,q”2d~ = [2q”*(b;-f6bi) 
5 

+*bi(l -mm. (29) 

The spectrum of eigenvalues (28) is of special interest 

b,= D .,$$x-‘, c,&x-, 
a 

,,J(aM--0Ltl) _4 

(1+ar1)3 x 9... . (30) 
I 

For example, the first point of the spectrum cor- 
responds to the motion in which the velocity field will 
be determined by the system of equalities 

KO 2a 
u=G(lx 

_, 

“* Ja J(w) 
21+crttx 

_ , 

A!!= -4x21-2 KO a ’ -2 

P 
-- , ‘npv* 8 ltaq 

a=& 

Ko y2 
‘I = 4npv* x* 

(31) 

In this case the quantity yw, with y --* co, is constant 
and equal to the azimuthal velocity vector component 
at co, that is 

yw = 2nI, when y + co. 

The second point corresponds to the solution of the 
problem for Lo = const. (formulae (18) for x + co). 
The third point (and all the rest) correspond to 
Ln = 0. Relation 131) differs substantiallv in character 

from formula (18) giving b N q-“* (w, N x-‘) for 
y + co, whereas expression (18) yields b N qm3’* 
(w,,, N x-‘). Thus, the solution constructed above for 
c << 1 represents the motion induced by a semi-infinite 
vertical filament [8], whereas equations (18) cor- 
respond to the flow which, starting from ref. [1], has 
been called a swirled jet. Mathematically this means 
that there exist two types of ‘initial data’ for the 
boundary layer equations (1), such that the solution 
of system (1) belongs again to this class (self-similar 
relations). The latter are also the solutions (more 
precisely, limiting asymptotics) for various model 
problems. The foregoing analysis is very important 
because there is an opinion in the literature that these 
two problems are two different aspects of the same 
problem. The first is interpreted as a strongly swirled 
jet whereas the theory based on invariants (5) is 
related to weakly swirled jets. This is not correct since 
the solution of generalized problems, to which swirled 
jets appertain, presupposes the adequacy of the results 
obtained not only in the asymptotics [ + 0, but also in 
jet flow transition from the regime with 5 > 1 (strong 
coupling) to the state with c << 1 (weak coupling). The 
transition is very smooth, the regions with { > 1 and 
5 << 1 continually replace each other in jet flow. These 
conditions seem to be satisfied only by the solution of 
equations (18)-(20). It is interesting to find the latter 
solution on the basis of a fundamentally different 
approach, namely in the form of asymptotic expan- 
sions. The analysis of expressions (18)-(20) indicates 
that this procedure will correspond to the represen- 
tation of the sought-after functions in the form of a 
series 

$(L1) = vx{fo+rfi+12f2+...} 

112 

x-2{bo+lb,+i2b2...} 

in the parameters 

5= 
G -2 Ko y2 

16npv2Ko x ’ rl = 4npv* x* 

which tend to zero with jet development. For example, 
for the axial velocity component we obtain 

u = gy{h+it_f;q+fb)+. .). 

4. A SWIRLED CONVECTIVE JET 

The solution to the problem of a convective jet, just 
as the previous problem of forced jet flow, possesses 
a significant property of self-similarity. For example, 
when 1; CC 1 the introduction of the functions 

AT= 
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allows the change-over from the equations in partial 
derivatives (l)-(3) to the system of ordinary differ- 
ential equations 

(vlfS)‘“t$&+h, = 0 

&?ht)‘+Woho) = 0 

(166)‘+tvbb,)‘- ib,(l -fo) = 0 

2ahq = bi 

s 
cu fbho dq = 1, 

s 
co ~o~o~“z drl= 1 

0 0 

Jo(O) = 0, /fyoJt& = 0, yo(a3) = 0, so(m) = 0 

!irnoJ&, = 0, ho(~) = 0, b,(O) = 0, ho(m) = 0 

(33) 

and thus substantially simplifies the investigation. 
This class of self-similar solutions (32) (without 
inclusion of swirling) was indicated by Zleldovich [23] 
and later by other authors [24, 251. It was Yih who 
showed that the system of interrelated equations (33) 
admits an analytical solution only at two Prandtl 
numbers equal to 1 and 2. The results of his studies 
were extended in ref. [26] to the case of swirling 

Pr= 1 

a = 1/(18)‘~* 

Pr = 2 

fo = 2. f’o=&’ ho=& 

a = Q/32)‘!* 

(<<I, 5= x-3. (34) 

The cases with other Prandtl numbers require numeri- 
cal integration, though the use of some appro~mate 
methods is also possible [27]. Should the integral con- 
dition (5) in equations (l)-(3), (5) be substituted by 
relation (21), the basic system will again admit an 
analytical solution. Assuming that the field of vel- 
ocities u and v is prescribed (formulae (32)) for [ -X 1, 

the problem can be formulated in the following way : 
find the function 

w = Dbi(?f)Xi, rj = 
i > 

gBQo Yf 
167t&,v2 x 

t35j 

which satisfies the equation 

(qbj)+Vob;-d,(l++)f6b,- &bj(l-fo) = 0 

b,(O) = 0, bi + 0 for q -+ co (36) 

and the integral condition 

(A+$ 
5 

mfbbi~‘~zd;)l = [2q3’*(b;-Izfbb,) 
0 

-P2(1 -_foPil,. (37) 

The analysis of equations (36) and (37) for Pr = 2 
yields 

y+6 = 1, y6 = 2(A++), a = (5/32)“*. (38) 

Direct computation gives 

i2+i+1 a= 2 p; i=o,1,2.... 

To these eigenvalues there corresponds a system of 
eigenfunctions 

b, = D coJ0x- 112, 
l+atj 

(40) 

It is not difficult to see that the solution corresponding 
to L = -l/2 

Qo 8a2 -, 
~ AT=-?x 

2wCp (1 +cnl) 

CI = (5/32) I” 

'12a ' .y-, 
8 l+aq 

describes the case L # const. The second eigenvalue 
a = -3/2 belongs to the problem Lo = const. It was 
considered and solved in ref. [26] (formulae (32)). 
When 12 -712, the quantity Lo = const. = 0. 

The present problem with a substantial interp- 
olation between the fields of U, w, and AT is much 
more complicated than the problem of a forced 
swirled jet where the velocity and temperature fields 
could be calculated separately. In other words, in this 
jet flow the Archimedes forces already act jointly with 
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the rotation effects, and the boundary layer structure 
depends greatly on their relationship. Since it has 
been assumed in the analysis that c c 1, the solutions 
obtained can be valid only for a situation &hen the 
the~o~avitation effects on hydrod~amics and heat 
transfer is at least an order of magnitude higher than 
the effect of rotation. Therefore, for the case of strong 
coupling formulae (32) will only yield a qualitative 
flow pattern valid for x + co. To obtain qualitative 
information, it is necessary to use again the system of 
equations (l)-(3) and (5). 

By introducing, in the usual fashion, the stream 
function $, temperature AT, the swirling rate w and 
the excess pressure Applp, it is possible to make an 
attempt to find the solution of equations (l)-(3) in 
the form of the asymptotic series 

AT(Lq) =&x-I{&+@,+...) 
P 

(42) 

expanded in powers of the parameter 

Substituting expressions (42) into equations (l)-(3) 
and then grouping the terms of the same order in 1 
gives the following system of equations : 

zero approximation 

OD s (j-3, +f;h,) dq = 0 
0 

s 
m cf6b, +~~~o)~“2d~ = 0 (44) 

a 

and so on. This approach, which employs the for- 
mulae for a non-swirled convective jet (zero approxi- 
mation) as the basic solution and which is based on 
the perturbation method procedure, makes it possible 
to predict the deviations introduced into an ordinary 
jet convective flow by swirling as well as their effect 
on the basic hydrodynamic and thermal charac- 
teristics. For this, it is necessary to construct the sol- 
ution of the problem in the first approximation. Based 
on the results of ref. 1261 at Pr = 2, obtain 

fi = Yf6% fi = Y(~~+~) 

h, = Y&1, b, = Y(bbrlf:bo) 

aI = r(a;fj-+a,), . . . (45) 

where 

9~(lO) 
Y’-@-. 

For other Pr, the integration of the system of equa- 
tions (44) cannot be reduced to a simple closed form, 
therefore numerical methods are required for seeking 
the values of the functions f,, h,, b,, ut which deter- 
mine the sou~t-after quantities in equations (42). 

It is seen from the formulae 

J&,0) = 1.5811+0.5625~+. . , 

h(1;,0) = 1.2500 

b(& ?&) = 0.3063 +0.0545[+ *. . 

a(q,O) = -0.1482-0.0527(+. . . 

AT= 

Lo sBQo “4 
w =G$ n/K, (-) x-3’2W’,tl) 

(46) 

that the growth of the swirling parameter entails a 
monotonous increase in nearly all of the maximum 
characteristics except for the function h([, 0) which is 
less sensitive to the change of 5. This evidence testifies 
to the fact that the self-similar solution for a con- 
vective swirled jet has the same properties as do 
relations (18) and (20). It is also obvious that there 
exists the critical number C = I* which separates the 
zones u, > u, and u, = u, appearing in swirled flow. 
On the one hand, this fact brings closer the forced and 
swirled convective jets. On the other hand, account 
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should be taken of the fact that the profiles of the 
velocities u, v, w result from the development of the 
temperature profile. Therefore, the deformation pat- 
tern of the velocity and temperature structures in a 
convective boundary layer will depend substantially 
on Pr. In this respect, the prediction of the behaviour 
of a jet flow in the field of buoyancy forces tends to 
be complicated. 

One more significant circumstance should be noted. 
The thing is that in several publications (the survey of 
which can be found in ref. [13]) attempts were made 
to use the boundary layer equations for obtaining 
qualitative and quantitative information about the 
flow in the region u, > u,. However, it has been found 
in the present work that the solution to the system of 
equations (l)-(3) exists only in the region U, = u,, 
and according to equations (18) and (46), the value 
of the swirling parameter [ takes on all the values 
from 0 up to I* (for a forced jet [* = (2) li3). 

The latter indicates that, apart from the actual 
solution of the problem, it is necessary to study the 
adequacy and limitations of a particular mathematical 
model of complex jet flows. 
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UN PROBLEME DE JET TOURBILLONNAIRE 

R&urn&On examine la solution du problkme d’un jet tourbillonnaire de liquide visqueux incompressible 
qui, d’un point-source, va dans un milieu empli du m&me liquide mais au repos. On ttudie les formulations 
possibles du problbme dans le cadre de la thiorie des conditions aux limites et le comportement carac- 

ttristique des solutions. On construit des expressions analytiques exactes et approch&es. 

EIN WIRBELSTRAHLPROBLEM 

Zusammenfassung-Fiir das Problem eines Wirbelstrahls einer zlhen inkompressiblen Fliissigkeit, die von 
einer punktfiirmigen Quelle aus in einen Raum mit gleicher, aber ruhender Fliissigkeit striimt, wird eine 
LBsung angegeben. Mijgliche Liisungsansiitze im Rahmen der Grenzschichttheorie und das charak- 
teristische Verhalten von Ldsungen wird untersucht. Es werden sowohl exakte als such Ngherungs- 

liisungen entwickelt. 
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3AAArIA 0 3AKPYrIEHHOtt CTPYE 

_PaaxaTpnsaeTcn pememfe 3BnaW 0 3axpynermofi crpye sn3roit H- oz -ocTH, 
BbnesaIome~ 83 To~e¶ioro icro=a B npocrpaacTBo,3aTOUJICHEOC TOik Xe, HO UOKOBWeihX XEJWX- 
TbIO. ki3yWOTCB BO3MOXEbIC UOCTaEOBU4 3gqana B paMKaX TeopllB llO+EE’iIiO~O CJlOll U XapamHOC 

no~e~emie p~memiif. lkx~poc~ To-e B II~H~JIEKWEM~ -eCxee Bupaxexxua. 


